In this article we prove some interesting results on field generated by division points of several formal groups, already implicit in the treatment in appendix-A of [1] . More precisely, under suitable hypothesis we show that the field generated by the division points of several formal groups of same height is equal to the field generated by division points of an individual formal group among them, after a fixed finite unramified extension of base field.
Introduction
Let p be an odd prime and let K be a finite extension of Q p . Put O K to be the ring of integers of K, let p K denote the unique maximal ideal of O K , v pK (·) be the valuation associated to it and assume that the degree of the corresponding residue extension is f .
Fix an algebraic closure Q p and |.| p be a fixed extension of the absolute value.
Let O be the ring of integers of Q p and p be the unique maximal ideal of O.
Fix a generator π of p K and let K R = Q p (π). Use R to denote the ring of integers of K R , p R to denote the maximal ideal and f R to denote the degree of the residue extension.
Let F be a (one dimensional, commutative) formal group law defined over O K which satisfies following additional conditions : i) F has a formal R-module structure , ii) if
then min {i ≥ 2||a i | p = 1} = p h for some positive integer h. The integer h will be called the height of group law. This condition is satisfied unless all the a i -s are in maximal ideal (see [2] , 18.3.1).
A formal group law satisfying condition (i) will be called a π-unramified group law.
Now F defines a R-module structure on p K which naturally extends to a Rmodule structure on p. We shall denote the corresponding addition by ⊕ F to distinguish it from usual addition.
be the subfield of Q p generated by
We shall adopt the convention
Note that from the condition (i) on F implies
for each n ≥ 1.
Note that if K/Q p is an unramified extension then one can take π = p. In this case the condition (i) on F is verified trivially and R = Z p .
First, let us recall lemma-3.2 from appendix-A of [1] :
Let F be a π-unramified group law of height h defined over O K for some generator π of p K . Assume that h|f . Then K(π)/K is a totally ramified cyclic extension of degree (q − 1).
Now let π 1 , π 2 be two generators of p K , and let F 1 and F 2 be π 1 -unramified and π 2 -unramified formal group laws (resp.) of height h 1 , h 2 (resp.) defined over O K . The goal of this article is to describe the extension K(
under the hypothesis h i |f for i = 1, 2. At first we shall restrict to the case h 1 = h 2 and make some remarks about the general case later.
The main result can be summerized as follows :
tively, for some n ≥ 2. Assume that h|f . Say,
) where q = p h − 1 . Then :
We shall apply this theorem to deduce some results about the field generated by torsion points super-singular abelian varieties defined over an unramied extension of Q p .
Notations and conventions :
We shall use the notation
We often use notations introduced in this section without explicitly defining them again.
A p-adic field is a finite extension of Q p .
For n ≥ 1, µ n be the group of n-th roots of unity in Q p .
If L is a p-adic field then O L is the ring of integers and p L is the unique maximal
forms a cannonical set of representatives for the residue field. We shall always work with this set of representatives.
We shall often refer to appendix-A of [1] just by mentioning appendix-A.
Main Results
Let K be as in introduction. Let π 1 , π 2 be two generators of p K , the maximal ideal in ring of integers of K and let F 1 and F 2 be π 1 -unramified and π 2 -unramified formal group laws respectively, of height h 1 and h 2 defined over O K .
The goal of this section is to describe the extension K(
the hypothesis h i |f for i = 1, 2. For simplicity we shall write q hi as q i for all i in range. Note that the hypothesis in preceding line means
From the proof of lemma-3.2 in appendix-A we conclude that there are pairs
Consider the quotient
for some x ∈ p K . Let ζ 1 be one (q 1 − 1)-th root of ζ. With this notation we have the following lemma :
Proof : Proof of this lemma is similar to the proof of the lemma after proposition-12, chapter-2 in [3] . For sake of completion we repeat the argument.
Hence there is at least one i with 1 ≤ i ≤ q 1 − 1 such that
Fix such a i. Note that
Now Krasner's lemma (proposition-3, chapter-2, [3] ) implies α i ∈ K(β).
By assumption, h 2 |h 1 . Hence q 2 − 1 | q 1 − 1. Put
Then α is a root of
As argued before, this shows Π 2 ∈ K(ζ 1 Π 1 ) as desired.
We shall treat h 1 = h 2 case in the following sub-section. For rest of this part we shall assume h 2 = h 1 = h. For simplicity put q 1 = q 2 = q.
Assume that the degree of residue extension corresponding to
Thus there is a ζ
Comparing with (2.1) and using ultrametric trinagle inequality we conclude that
2 ) and we have the result.
(ii) First equality follows from the facts that K(
Second equality is already proved in part (i).
Imitation of proofs of lemma-2.1 and corollary-2.2 proves
. Now the third equality follows from the fact K(ζ
(iii) Note that ζ ∈ µ p f −1 and ζ q−1 1 Corollary 2.3 : Let ζ 1 be as above. Then
Proof : From lemma 1.2.1 of [1] and the discussion in proof of corollary-2.2 it follows that
Now the result follows from
(See lemma-3.2 in appendix-A) Remark 2.4 : Let e be the smallest positive integer such that ζ
. From definition of f , f (ζ 1 ) = 0 and K(ζ 1 )/K is an abelian Kummer extension of exponent e. Corollary 2.5 : Recall that K 1 = K(µ (q−1)(p f −1) ). With this notation we have :
. Now the result follows from corollary-2.2 (ii).
Proof of theorem 1.1 : Let h be a positive integer and put q = p h . Assume that F 1 , · · · , F n are n unramified group laws of same height h defined over O K corresponding to the generators (of p K ) π 1 , · · · , π n respectively, for some n ≥ 2. We want to show :
It follows directly from corollary 2.5.
This is a consequence of the facts that
A more precise description of F can be obtained as follows :
is tamely ramified (lemma-3.2, appendix-A). Hence F/K is also tamely ramified.
iv) One can give a precise description of ζ ij in terms of F i , F j and π i , π j .
Unequal height case
Assume that we are in the set-up as described in the beginning of the sec-
). Now it follows from corollary-2.1.5 that
An application
Let Q w be an unramified extension of Q p such that the cardinality of field of residues associated to Q w is w = p f for some integer f ≥ 1. Denote the ring of integers of Q w to be Z w . Assume that F 1 , · · · , F n are n formal group laws defined over Z w of same height h for some n ≥ 1 and F 1 , · · · , F n are the formal power series corresponding to
Consider a tuple
It defines a n-dimentional formal group law over Z w (say F). (See [2] , II.9.1)
F defines a Z p module structure on (p) ×n . Note that the addition and scalar multiplication is component-wise.
Let Put L = Q w (µ (q h −1)(w−1) ). Then :
ii) The extension Q w (F[p])/Q w is tamely ramified.
Proof : (i) Follows from theorem-1.1.
(ii) Follows from remark-2.6 (ii).
One can generalize proposition-3.1 as theorem-1.1 can be generalized to proposition-2.1.3, ie one can start with n group laws of distict height satisfying h i |h 1 ∀ 1 ≤ i ≤ n, h 1 |f and write down an analogue of propositon-2.1.3. Now let A be an abelian variety which is defined over Q w and is isomorphic to a product of super-singular elliptic curves over Q w . Note that all supersingular elliptic curves define group law of height 2 and all p-torsion points of a super-singular elliptic curve comes from the formal group associated to it.
